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The thrust per unit length behind a flapping NACA0030 airfoil with an aspect ratio of three is measured and

presented. Aspects of the evolution of vorticity behind the thrust-producingwing are discussed based on quantitative

experiments. Multiple planes of stereoscopic particle image velocimetry measurements are conducted at several

locations along the span of thewing at aStrouhal number of 0.35.Of particular interest is the effect ofwingtip vortices

on the structure of the flow behind the oscillating wing.Wing kinematics is responsible for the flow structure in the 2-

D airfoil case. Here, the spanwise distribution of vorticity is found to be dominated, in the large scale, by a single pair

of intense counter-rotating vortices. Each member of the large-scale vortex pair is constituted by two smaller

corotating vortices that constructively merge in the initial stages of flow separation. Toward the wingtips, three-

dimensional effects aremore significant. The spatiotemporal variations of transverse and spanwise vorticity in these

regions suggest severe local flow deformation. Measurements reveal that flow morphology is highly complex and

three-dimensional, unlike any previously observed 2-D wing-based vortex sheets. Furthermore, using 2-D particle

image velocimetry data, a sinusoidal variation in thrust force, 90 deg out of phasewith the airfoilmotion, ismeasured

in the midspan region of the airfoil. The largest measured thrust occurs at the maximum angles of attack,

corresponding to the creation of strong leading-edge vortices.

Nomenclature

AR = wing aspect ratio, b=c
b = wing span from tip to tip, mm
c = airfoil chord length from leading edge to trailing

edge, mm
f = oscillation frequency, Hz
h�t� = lateral/heave oscillation amplitude as a function of

time, mm
h0 = maximum amplitude of heave oscillation, mm
k = dimensionless reduced frequency, 2�fc=U1
Rec = dimensionless Reynolds number, U1c=�
St = dimensionless Strouhal number, fc=U1
U, V,W = mean velocity components in the x, y, and z

directions, respectively; mm � s�1
u, v, w = instantaneous velocity components in the x, y, and

z directions, respectively; mm � s�1
x, y, z = rectangular Cartesian coordinates in physical

space, mm
t = time, s
�t = time interval separating each image pair, s
��t� = pitch angular oscillation amplitude as a function

of time, deg
�0 = maximum amplitude of angular oscillation, deg
� = dynamic viscosity, kg �m�1s�1

� = kinematic viscosity, �=�

� = fluid density, kg �m�3

 = phase angle between heave and pitch oscillations,
deg

! = vorticity in vector notation, s�1

!x, !y, !z = instantaneous vorticity in x, y, and z directions;
s�1

hi = denotes ensemble or phase-averaged quantity

I. Introduction

M ANY aspects of unsteady wings have been extensively
studied [1]. Flapping-wing propulsion is one such aspect that

has generated and received considerable attention recently [2].
Flapping is defined as a complex combination of heaving and
pitching oscillations. Flapping-wing propulsion is a technology that
has developed from biomimetic engineering, which is the use of
natural science in engineering applications [3]. The perceived
optimal efficiency of bird and insect flight has provided scientists
with the initial desire tomimic thesemotions [4]. However, the study
of flapping wings is not limited to propulsion alone and can provide
valuable insight into other phenomena.

Aeroelastic flutter, which is the result of coupling between the
structural dynamics of a wing with the aerodynamics of the flow
around it, is still a major concern for the modern aircraft industry [5].
The onset of flutter highlights how vortex shedding can induce
undesirable vibrations, with potentially catastrophic failure. On the
other hand, flapping wings can be used to study dynamic stall [6] and
active flow control [7]. These phenomena have desirable effects that
focus primarily on the ability to dynamically control and redistribute
vorticity in the flow. This can be accomplished either through some
artificial mechanism introduced into the flow, such as external
excitation or pulsing jets [8], or by the presence of other downstream
flapping wings such as in a tandem arrangement [3,9]. All these
phenomena can be broadly categorized as unsteady oscillatoryflows.

Although flapping wings have been extensively studied, the focus
has been on the flow over nominally 2-D airfoils, for which wingtip
effects are negligible. Flow visualizations were used to describe the
unique vortical patterns associated with the different parameters that
describe the flow condition [10,11]. Using these 2-D airfoil
experiments, the oscillation amplitude and frequency play an
important role in the characteristics of the vortex street for a
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thrust-producingflappingwing [2]. Subsequently, pressure and force
measurements then focused on determining the levels of thrust that
can be obtained [12,13]. Concurrently, numerical methods were
investigating power extraction and propulsion in flapping wings
using two-dimensional unsteady panel methods [2] and other
inviscid numerical techniques [14]. Notwithstanding, quantitative
measurements were conducted using LDV [3] and particle image
velocimetry (PIV) [15,16] and provided valuable insight into aspects
of the evolution of spanwise vorticity in a reverse Kármán vortex
street. Generally, past studies have found that thrust can be optimally
produced when the wing operates in combinations of parameters.
The dimensionless Strouhal number, which is similar to the reduced
frequency used in some studies [17], was found to be the principal
wake parameter. St is defined as

St� fA

U1
(1)

where A represents the maximum excursion of the wing trailing
edge (double amplitude of oscillation, equals c) and U1 represents
the freestream velocity. In the range f0:25 � St � 0:4g, thrust is
optimally produced. Anderson [13,16] found that for high-efficiency
and high-thrust conditions, the reverse Kármán vortex street
is ubiquitous. Furthermore, Koochesfahani [11] found that sinu-
soidal flapping oscillations produce the clearest reverse Kármán
vortex street in the wake pattern. In this case, two vortices per cycle
are the optimal pattern. Any other oscillation profile created added
vortices that degraded the generation of trust and propulsive
performance.

Comparatively, much less experimental and numerical data have
been generated for finite-span wings. Cheng and Murillo [18] were
amongst the first to assert that the effect of wing three dimensionality
cannot be neglected in any measurement of thrust efficiency or
formulation of a numerical method. Also, the effect of tip vortices
becomesmore significant at lower aspect ratios. Qualitative dye-flow
experiments by Parker et al. [19,20] show that the wingtips
significantly modify the structure of the wake flow. This results in a
variation from the conventional reverse Kármán vortex street.
However, parametric visualization experiments suggest that finite-
spanwings are affected in a similar way to infinite-spanwings, by the
parameters that govern the wing kinematics [19–21]. Therefore, it is
appropriate to apply the same airfoil kinematics for optimal thrust
production in 2-D airfoils, to 3-D airfoils.

Based on further qualitative experiments, von Ellenrieder et al.
[22] proposed a 3-Dvortex skeleton of theflowbehind a 3-Dflapping
wing [22], shown in Fig. 1. It can be seen that the flow structure is
highly contorted and forms interconnected loops from alternating

leading- and trailing-edge vortices. Note that the material lines
(representing vorticity) originate from the wing surface and do not
just end in the flow. The filaments on the right-hand side of Fig. 1
would connect to a similar structure from the previous oscillation
cycle. The illustration is a snapshot of a periodic structure. Further
details pertaining to Fig. 1 are discussed by von Ellenrieder et al.

However, interpretations of highly unsteady flows from dye
visualizations can be circumstantial due to misinterpretation of the
actualflow [23]. Consequently, quantitative PIVmeasurementswere
performed in the plane of symmetry of a finite-span flapping wing.
Measurements verify the existence of pairs of counter-rotating
vortices that populate the flow [24,25]. Using a triple decomposition
approach similar to Hussain [26], the measurements along the
centerline reveal that large coherent structures form when the flow
separates from the oscillatingwing, forming a reverseKármán vortex
street. Nonetheless, the apparent complex and three-dimensional
nature of the flow in these preliminary experiments highlights the
need for more comprehensive spanwise measurements in the area
surrounding the wingtips. Spatially varying measurements are
required to elucidate the model proposed in Fig. 1.

Recently, numerical studies by Guglielmini and Blondeaux [27]
have corroborated some aspects of the proposed flow structure in
Fig. 1, at St� 0:35. Guglielmini and Blondeaux suggest, from
numerical investigations, that the leading-edge vortices are much
stronger than the trailing-edge vortices when the wing oscillates by a
distance greater than or equal to the wing chord. Furthermore, a
Kármán vortex streetlike structure results when leading- and trailing-
edge vortices join [28]. Although there have been other useful
quantitative studies, their focus is primarily related to animal
locomotion. In this study, the aim is to understand how the
morphological characteristics of this complex flow can influence the
motion of the wing.

There has been considerably more progress in the development of
numerical methods to predict thrust production, and to a lesser
degree, the flow characteristics on finite-span wings. Jones et al.
[29,30] and Tuncer and Platzer [31] used bothNavier–Stokes solvers
and inviscid potential flow models to predict the effect of various
motion parameters on the thrust characteristics of a NACA0012
airfoil. The separate effects of a parameter referred to in literature as
“reduced frequency” (similar to the Strouhal number) and oscillation
amplitude were studied and found to be of primary importance to
thrust producibility. More recent computations by Guglielmini and
Blondeaux [27], Blondeaux et al. [32], and Dong et al. [33]
investigated thewake structure and performance offinite aspect-ratio
flapping foils. Once again, models of the flow structure presented
from these studies closely resemble the model previously proposed
in Fig. 1.

Fig. 1 Proposed three-dimensional vortex skeleton behind a finite aspect-ratio flapping wing [22].
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In an unsteady three-dimensional flow such as this, the evolution
of vorticity is very important in characterizing the flow structure.
Preliminary experiments indicate that airfoil kinematics, thrust
production, and flowmorphology are all related. Of interest here is to
investigate the nature of this interaction. This is inherently a tedious
exercise and can also be inefficiently applied. Using multiple planes
of stereoscopic multigrid cross-correlation digital particle image
velocimetry (SMDPIV), the three components of velocity can be
resolved in three dimensions. This permits the resolution of all
vorticity components at several regions along the span of the wing.
The initial section of the results in this paper discusses the flow
morphology in the context of three-dimensional vorticity evolution.
The measurement methodology employed here permits accurate and
repeatable multipoint measurements of the flow in a spatiotemporal
sense. The total thrust force imparted by the oscillating airfoil to the
fluid can be calculated using a net momentum approach, using the
mean velocity profiles from the PIV data.

The present set of experiments permits the use of the momentum
integral equation to calculate the mean centerline thrust per unit
length at each oscillation phase using the phase-averaged velocity
profiles. The latter part of the results relates themeasured thrust to the
wing kinematics as well as to the flow morphology.

II. Experimental Technique

The experiments are conducted in the 5-m recirculating horizontal
water tunnel at the Laboratory for TurbulenceResearch inAerospace
and Combustion. The properties of the test section and the specific
details of the apparatus, data acquisition, and measurement analysis
are provided in Parker et al. [25]. Some information of the
experimental methodology is presented here. A NACA0030-type
wing is suspended vertically above the test section, as shown in
Fig. 2. The airfoil oscillates about the quarter-chord point. The heave
and pitch oscillations are stepper motor driven and described by
Eqs. (2) and (3) for heave and pitch motions, respectively. The two
oscillations are related by a phase angle.

h�t� � h0 cos�2�ft� (2)

��t� � �0 cos�2�ft�  � (3)

where h0 � c=2 and heave frequency equals pitch frequency. The
stepper motors are computer-controlled. Figure 2 shows the
experimental setup and illustrates some of the primary components
in the apparatus. An angular-offset stereo configuration with a
camera angle of 64_deg is used to acquire the stereo PIV images. As
shown in Fig. 2, three Pixelfly CCD cameras, with array sizes of
1280 � 1024 px each, are mounted vertically onto a three-axis
translation stage, below the test section. Each camera is fitted with a
55-mm Micro Nikkor Nikon lens. Once the experiment has been
fine-tuned and prepared, the camera acquisition and laser light sheet

optics are constrained and only the wing is allowed to move in the z
direction for different spanwise measurements. Some novel
modifications to the experimental methodology allowed for
improved measurements in the liquid flow environment. This
arrangement and procedure ensured repeatability of the experiments
with minimal interference [25].

Eight phase-averaged SMDPIV measurements are conducted in a
region 4 c (y direction) by 3 c (x direction). Each phase average is
calculated from 500 single-exposed instantaneously acquired PIV
images separated by dt. The random error in the velocity
measurements is 1%, at the 99% confidence level. Images of the flow
are acquired in three planes spaced a distance equivalent to the PIV
measurement grid spacing. The vorticity and other derived quantities
are calculated by applying a center difference approach across the
three closely spaced x–y planes. The sets of PIV images are analyzed
using a multigrid cross-correlation scheme by Soria [34]. The two-
dimensional, two-component vector fields are combined to form a
three-dimensional, two-component vector field using a stereo
reconstruction algorithm, developed in-house byStereoMagik.An in
situ calibration technique, similar to that used by Solof et al. [35], is
used here. The calibration data are used with a vector-valued
mapping function to calculate the three components of displacement
in the object plane. The selected mapping function has a cubic
dependence on the in-plane velocity component and a quadratic
dependence on the out-of-plane component to allow it to adequately
track any distortions in the stereo measurements. The largest error in
themeasured displacement is 0.0001mm in themeasurement field of
80 � 40 mm. The procedure for validating the SMDPIV experi-
ments is extensively discussed in [25].

III. Experimental Results

The results of the SMDPIV experiments are presented for
Re� 637,  � 90 deg, �0 � 5 deg, and St� 0:35. This test
condition corresponds to an optimal thrust-producing case for a 2-D
airfoil (nowingtips), as described byAnderson [13]. Phase-averaged
vorticity is calculated in the x, y, and z directions using the velocity
gradients from the multiple plane measurements. The measurement
planes are differentially spaced by �z, as shown in Fig. 3. A local
least-squares approach similar to that used by Soria and Fouras [36]
is used to calculate the vorticity. From 400 instantaneous velocity
fields, the vorticity is calculated at eight phases in the motion
trajectory of the airfoil described in Table 1. In all cases, the vorticity
is phase-locked with the motion of the wing.

In all cases, the phase-averaged vorticity h!xi, h!yi, and h!zi
measurements at the midspan and 1/4 c from the wingtip andwingtip
regions are shown superimposed onto the huvi surface streamline
patterns. These z regions are designated by R0, R1, and R2,
respectively, and are illustrated in Fig. 3. A typical flow visualization
image from von Ellenrieder et al. [22] of the wing at phase 1 is shown
in Fig. 3. Note that in this case, the flow direction is reversed (left to
right). From the planform view of the flowvisualization, themidspan
region R0 experiences much greater vortical interactions and is a

Fig. 2 Schematic of the experimental apparatus. Labels correspond to

a, test section; b, laser; c, stereo-CCD camera arrangement; d, horizontal
light sheet with central measurement region highlighted; e, wing

mounted on vertical translation stage; f, pitch stepper motor; g, heave

stepper motor with scotch yoke; and h, three-axis translation stage.

Fig. 3 A typical flow visualization image behind a flapping wing with

an aspect ratio of three at St� 0:35.

60 PARKER, SORIA, AND VON ELLENRIEDER



region of immense activity. Therefore, ameasurement in this plane is
expected to capture the physical characteristics that will allow
comparisonwith the vortexmodel by [22], presented in Fig. 1. Closer
to the wingtips, the measurements will capture the filaments of the
vortex structures, shown in Fig. 3.

The SMDPIVmeasurements correspond to region S in Fig. 3. This
region is offset by 1/4 c from the trailing edge of the wing. This is due
to an obstruction of the wing in the line of sight of the right stereo
camera. The convection velocity U1 has been removed from the
stream traces, whereas the vorticity is nondimensionalized by a

heave oscillatory timescale _hmax=A, where _hmax � 31:46 mm � s�1
and A� c� 20 mm. Flow is from left to right. The wing c=4
location is selected as the origin. Because the period of oscillation of
the wing is 2 s, any vorticity created at the wing surface will be seen
roughly 1 s later within the measurement domain. In this time, the
wing would have moved to another phase location 1 s later. As a
result, any interpretation of the measurements with respect to the
wing location must consider this mismatch.

Figure 4 illustrates the orientation of each calculated vorticity
component in relation to the Cartesian reference frame applied to the
measurements. In Fig. 3, the red area is clearly marked by the label S
in the x–y plane (wingtip view). The same area is marked as a red
straight line in the planform view. This region S is the red area
marked in Fig. 4 and indicates the measured area. The green areas in
Fig. 4 are the threeCartesian reference planes, as indicated by the axis
labels. The direction of the freestream velocity is clearly marked in
each . Because measurements were conducted in horizontal planes,
shown as region S, the h!xi and h!yi vorticity is effectively
applicable only to each 4-mm z region.

IV. Discussion

A. Velocity Profiles

The properties of the mean flow velocity components are
calculated for each z region. In Figs. 5a–5c, the mean velocity
profiles of the x, y, and z components of velocity are shown across the
y direction for each measured z region.

Each velocity is acquired at x=c� 3:0, nondimensionalized by the
mean centerline velocity Uc, and calculated from all phase data,
namely, 3200 vector fields. Themean heave profiles are symmetrical
about the mean heave axis h� 0 for the three regions. Only half of
the total profile is shown in Fig. 5. For Fig. 5 only, h� 0 corresponds
to y=c� 0 and h��10 mm corresponds to y=c� 1:5. The airfoil
heave oscillation is between y=c��1:5 and y=c��1:5,
corresponding to h��h0 and h��h0, respectively.

From the U velocity component in Fig. 5a, it can be seen that the
profile resembles a jet for region R0, with Uc 25% greater than the
mean flow velocity away from the core. In region R1, the situation is

inverted, with centerline velocity less than 25% of the mean flow
velocity at y=c� 0:75. This value is further reduced from the core
region, to 10% at y=c� 1:5. The mean streamwise velocity exhibits
the least variation from Uc for region R2, which is 2 mm from the
wingtip. This suggests that the flow in this region is equivalent to the
mean freestream value. From Fig. 5b, all regions show that the
transverse velocity component is significantly smaller than the
centerline velocity in the freestream direction.

The behavior of the V velocity component for each region is
inverted, compared with the U velocity component. In Fig. 5c, the
meanW velocity profiles resemble a jet in all regions. At x=c� 3:0,
the largest mean out-of-plane velocity of 0:4Uc is measured in the
central z region R1. In the region around y=c� 1:45 away from the
jet core, the flow appears to be largely dominated by U and W
for R1 and R2 with V < 0:05Uc. For R0, the magnitude of V is more
significant. Themagnitude of the centerline velocity relative toU,V,

Table 1 Phase information for which PIV data are acquired

label Phase h�t� ��t�
a 1 �h0 0
b 2 �0:707h0 ��0=2
c 3 0 ��0
d 4 �0:707h0 ��0=2
e 5 �h0 0
f 6 �0:707h0 ��0=2
g 7 0 ��0
h 8 �0:707h0 ��0=2

Fig. 4 Schematic illustrating the definition of resolved vorticity in the

context of the measurement area S.

Fig. 5 Mean velocity profiles at x=c� 3:0 measured in each region for
components a) U, b) V, and c) W; h� 0 corresponds to y=c� 0 and

h��10 mm corresponds to y=c� 1:5. Every second measurement is

shown.
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and W suggests that the flow in the core region is dominated
by the streamwise component, followed by the spanwise
component.

B. Phase-Averaged Vorticity

Based on preliminary 2-D PIVmeasurements by Parker et al. [25],
it was expected that spanwise vorticity would dominate the flow
evolution, rather than the streamwise and transverse vorticity
components. However, this experiment has proved this to be
incorrect for some z regions as well as phases.

At each of the wing locations shown in Figs. 20–22, the wing is
orientated at either of the extreme heave or pitch positions. This
results in the formation of a region of separated flow from the wing
surface and the creation of spanwise vorticity at the leading edge (at
��0 and��0) or trailing edge (at�h0 and�h0). The tabular format
in which the data are presented is meant to provide a sense of the
spatial and temporal variation of vorticity. In all the isocontour plots
presented, positive counterclockwise (CCW) vorticity is off of the
page.

The vorticity magnitude j!jmax is 0:169 s�1, 0:150 s�1, and
0:052 s�1 in regions R0, R1, and R2, respectively. In region R1, h!xi
dominates the vorticity magnitude by up to 0.5 j!jmax. In the case of
h!yi and h!zi, the magnitude is more evenly distributed in each
z region. In general, the spatial distribution of spanwise vorticity in a
plane fromR0 toR2 lies closer to the trailing edge for planes closer to
the wingtips. This can be seen in Fig. 22 (label c), in which vorticity
of the same sign ismeasured at lower x=c as planesmove closer to the
wingtips. When streamlines of the in-plane velocity are
superimposed onto the spanwise vorticity contours in Fig. 22, it
can be seen that foci in each plane corresponding to a particular
region of strong h!zi lie along a diagonal. Overall, the spatial
location of spanwise vorticity in Fig. 22 suggests that the
measurement plane is intersecting a vortex tube, possibly tilted in the
z axis. This is similar to filament AB, highlighted in green in Fig. 3.
Figure 6 illustrates this physical characteristic of the flow structure. It
shows a cross-sectional view of the structure in each x–y plane, but
with all z planes linking the structure together, thus forming a conical
tubelike member.

Over one flapping cycle, low levels of h!xi compared with j!jmax,
corresponding to pairs of corotating streamwise vorticity, are
measured along region R0. Vorticity�h!zi is first measured inR0 at
�1 in two separate spatial locations. At this phase, the airfoil has
reached an extreme heave oscillation location, �h0. In the second
half of the oscillation, the airfoil reaches �h0 at �5 and introduces
�h!zi intomeasurement area S. The tilting effect is also observed for
h!xi, particularly in Fig. 20 (label c). This suggests that the vortical
structure may be tilted in the x axis also. In region R1, the flow is
characterized by a pair of�h!xi at �1, but only one region of�h!xi
is measured at �5 in Fig. 20 (label f). The measured dominance of
h!xi over h!yi and h!zi in R0 is not apparent at the wingtips in R2.
Here, the flow is characterized by a single concentration of�h!xi at
�1 and�h!xi at�5.When comparing the introduction of streamwise
vorticity to themotion of the airfoil, it is clear that at�3 (Fig. 20, label
c) and �7 (not shown), when the airfoil reaches the extreme pitch
angles of attack, no significant changes in the vorticity magnitude
occur.

In general, the flowfield is characterized by two pairs of oppositely
signed transverse vorticity component h!yi in each flapping cycle.

Each vortex pair is constituted of�h!yi and �h!yi closely lumped
together. This first appears when the airfoil reaches �h0 and�h0 at
�1 and�5, respectively. The spatial extent of�h!yi is up to 2.5 times
the spatial size of regions of h!zi in regionR0. The peakmagnitude of
�h!yi and �h!yi is 0:3j!jmax. On the other hand, no noticeable
change in the phase-averaged vorticity occurs when the airfoil
reaches��0 or��0. As observed for h!xi and h!zi, the x–y location
of regions of intense h!yi are tilted in z regions approaching the
wingtips. In R1, the counter-rotating pairs of h!yi are spatially
smaller. At some phases, such as in Fig. 21 (labels c and e), the
regions of �h!yi are larger than�h!yi. This is opposite to the case
for region R0. A threshold of 30% of j!jmax is applied to the
isocontour plots for all regions. The magnitude of !y is greatly
reduced and barely visible at the wingtip region in Fig. 21. In
region R2, the wingtip vortices are expected to dominate the flow
dynamics. Unlike R0 and R1, the vorticity does not convect
completely to the end of the measurement area over a cycle. At �1
and �5, vorticity is barely visible. The vorticity that appears at other
phases disappears intermittently from the measurement plane.

Figure 22 shows that the evolution of h!zi is characterized by a
single pair of large-scale counter-rotating vorticity about h� 0
(y=c� 1:5). The large-scale structures in region R0 form a reverse
Kármán vortex streetlike pattern similar to the 2-D PIV case
previously observed [25]. On closer scrutiny, Fig. 22 reveals
that each large-scale structure reveals two smaller corotating regions
of h!zi that lump together in a consolidated manner. The direction
of roll-up of the streamlines is clockwise (CW) for �h!zi at �1,
whereas in Fig. 22, the streamlines roll up CCW for the �h!zi first
introduced in the measurement area. Although the results reveal
discernible regions of intense spanwise vorticity in all z regions, the
peak h!zi in R0 accounts for 0:2j!jmax, which is less than the
peak h!xi.

When compared with the maximum heave oscillation frequency,

the peak spanwise vorticity isO�6 _h0=c�. In contrast, the peak h!zi in
R1 and R2 is up to 0:3j!jmax. Measurements for each phase at each
z region showmore compact regions of vorticity of similar rotation in
regions closer to the wingtip. This suggests that, as before, each
measurement plane intersects a conically shaped vortex tube or roll-
up with the largest circumference at the midspan region. The
introduction of huvi streamlines superimposed onto the vorticity
contours in Fig. 22 reveals that not all regions of intense h!zi convect
at U1. In cases such as in Fig. 22 (label a), at �1–R0, the region of
high�h!zi at x=c� 3 is ahead of the focus in the streamline pattern.
In contrast, no significant change in the flow occurs when the airfoil
reaches �0 at �3 or �7.

On the other hand, at �4–R0, the region of high�h!zi at x=c� 5)
is behind the focus. This repeated observation suggests that as a
consequence of the wake growing and structures convecting, there is
significant mutual and self-induction affecting the rotation of
vorticity. In these cases, �h!zi at �4 and �h!zi at �1 enter the
measurement area S as two smaller regions lumped together as a
single larger region. In subsequent phases, these corotating regions
appear to separate and convect into opposite directions of y=c. At the
wingtip, relatively high levels of vorticity are measured, yet the
streamlines exhibit no unique foci. Instead, the foci appear to
converge along a line in the downstream direction, forming a seam in
the flowfield.

V. Thrust Production in Flapping Wings

The general form of the momentum theorem for a control volume
V bounded by a control surface S states that the force vector on the
fluid inside the control volume is equal to the material derivative of
the fluid momentum integrated over the volume [37]:

F � D

Dt

Z
V

� �v dV �
Z
V

@

@t
�� �v� dV �

Z
S

�vv � n̂ dS (4)

where n̂ is the local normal vector along the control surface. The first
term of the momentum equation is the rate of change of momentum

Fig. 6 Illustration of the tilting nature of the structures observed in

each z region.
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inside the control volume, whereas the second term accounts for the
momentum flux across the control volume boundary. The force
vectorF encompasses all the forces on the control volume, including
body forces such as gravity, pressure, and viscous forces on the
surface boundaries.

Consider the control volume ABCD around the airfoil in Fig. 7.
The boundaries AD and BC are sufficiently far away from the airfoil
in the undisturbed fluid that there is negligible momentum flux
through these surfaces. At the upstream boundary AB, the velocity
across the boundary is the freestream velocity U1. At the
downstream boundary CD, the velocity across the boundary is u�y�.
There is nomomentumflux across the airfoil surface boundary. If it is
assumed that the average flow is steady and incompressible and that
the pressure is constant along the control volume boundaries (that is,
the downstream pressure is equalized to the freestream value), the
thrust on the airfoil can be written in terms of the change in
momentum in the x direction. Applying mass conservation, the
momentum integral equation becomes [13],

T ��Fx � �

Z �1

�1
u�y�	u�y� �U1
 dy (5)

which is exactly the same result obtained by vonKármán for the drag
on a flat plate in terms of the momentum defect. The simplified
momentum integral is one of the few methods [13] able to provide

an indication of the variation in the mean centerline thrust per unit
span.

The momentum integral used to calculate thrust in Sec. VI
accounts for the variation in the axial velocity as a function of the
transverse position y only. To verify that the wake had been
adequately captured in the y direction, the difference in the upstream
and downstream velocity is calculated and is shown in Fig. 8 as a
function of y=c. The velocity difference �U� 	u�y� �U1
 is
represented as a ratio of the centerline difference �Uc�
�Uc �U1�, which represents the maximum velocity addition to
themeanflow. It can be seen that the end of the profile tends to zero at
the point at which the jet velocity has reached freestream.

Tr � hT�i= �T (6)

Equation (5) is applied to each of the eight phase-averaged velocity
measurements yielding hT�i. In Eq. (6), the thrust ratio is defined as
the ratio of hT�i to the mean thrust from all phases �T. The
corresponding values are listed in Table 2.

The thrust ratio exhibits a sinusoidal variation about the mean
thrust value. The peak thrust levels are 60% greater than the mean
thrust, with maximum at �� 4 and 8 and minimum at �� 2 and 6.
The mean thrust measured is 0.0032 N. This corresponds to the

Fig. 7 Control volume for momentum analysis.

Fig. 8 Plot of mean velocity addition across jet half-width at x=c� 3.

Every third measurement is shown.

Table 2 Table of thrust ratio for each phase �

� h, mm �, deg Tr

1 �h0 0 0.98
2 �0:7h0 �0:7�0 0.38
3 0 ��0 0.8
4 �0:7h0 �0:7�0 1.6
5 �h0 0 0.96
6 �0:7h0 �0:7�0 0.39
7 0 ��0 1.21
8 �0:7h0 �0:7�0 1.56

Fig. 9 Mean thrust ratio in Eq. (6), measured at various phases along

the trajectory of a finite-span flapping airfoil.

Fig. 10 Mean thrust measurement behind a flapping airfoil, extracted from past studies: a) courtesy of Jones et al. [29] and b) courtesy of Guglielmini

et al. [27].
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airfoil phase location when the data are acquired. Table 2 lists the
measured thrust ratios in relation to the heave and pitch orientation of
the airfoil. When the airfoil reaches each of the extreme heave
locations, ��h0;�h0�, the thrust at that phase equals the mean
centerline thrust. When the airfoil moves toward the maximum

angles of attack, the thrust corresponds to either the largest or
smallest value, compared with the mean centerline thrust per unit
span.

The distribution of the mean centerline thrust ratio from Eq. (6) is
shown in Fig. 9 at each of the airfoil phase locations �. Figure 9
indicates that peak thrust is measured at h0=2 and �0=2. Because h0
and �0 are the peak oscillation amplitudes, the results suggest that the
production of centerline thrust is 90 deg out of phase with the airfoil
heave motion. When the airfoil is at h0 and �0, the phase-averaged
hT�i is equal to the mean thrust per unit length.

In absolute force units, the thrust can be estimated from the airfoil

motion in the freestream and heave directions, U1 and _h0,
respectively. Using the span area of the airfoil S� b � c and the lift
equation F� Cf

1
2
�u2S, an estimate of the force in the freestream

direction can be obtained. If Cf is assumed to be one, an upper
estimate of the total thrust force is obtained. In this case, a value of
0.0011 N is obtained, compared with the measured mean thrust per
unit length of 0:0032 N �m�1.

As mention in the Introduction, phase-related thrust measure-
ments for finite-span airfoils were not found in the literature at
the time of going to press. Data are more readily available for
two-dimensional airfoils but wingtip losses are neglected. To
provide some simple comparisons, two more relevant thrust curves
were selected from past studies. Figure 10a shows the forces
predicted by several inviscid numerical schemes by Jones et al. [2] on
an infinite-span airfoil at reduced frequency k� 0:2, St� 0:03 for
various mean angles of attack �, and Rec � 106. A 2-D Euler solver
and 3-D panel code are used to predict the flow physics. The upper
graph is the lift coefficient CL and the lower graph is the thrust
coefficient CT . Figure 10b shows the thrust force on an infinite-span
airfoil as predicted by Guglielmini and Blondeaux [27] using a
numerical solution of the vorticity equation. Absolute force in
newtons is shown for half of the airfoil cycle. Several curves
representing the various force and moments in the flowfield are

Fig. 11 Evolution of vorticity behind a 3-D flapping wing at St� 0:35.
The definition of each label (a–h) is presented in Table 1.

Fig. 12 Spanwise vorticity h!zi=j!jmax in region R0 at �1. The isocontours are superimposed onto the in-plane velocity streamlines hui and hvi.

Fig. 13 Spanwise vorticity h!zi=j!jmax in region R0 at �2. The isocontours are superimposed onto the in-plane velocity streamlines hui and hvi.
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shown. Parameter �Fx represents the thrust force in the x direction.
The problem is that such two-dimensional methods of calculation
overestimate thrust production, because they take into account only
the energy from cross-stream wake vorticity normal to the motion
and omit trailing vorticity in the streamwise direction.

Nonetheless, the two inviscid numerical solvers employed by
Jones et al. [2] predict similar results. Similarly, the results of
Guglielmini andBlondeaux [27] also indicate a sinusoidal-like thrust
profile. Although the experimentally calculated thrust ratio in Fig. 9
also shows a sinusoidal variation with airfoil phase angle, locations
of peak thrust do not correspond. Direct comparison between past
and present measurements is not possible, because the
experimentally measured thrust is the mean centerline value per

unit length, whereas the absolute values by Jones et al. and
Guglielmini et al. were calculated from the predicted instantaneous
pressure distribution around the airfoil.

The thrust variation appears to peak at f�=4; 3�=2g and
f�=4; 3�=4g for the predicted values, respectively, whereas the
measured values peak at 3�=4 and 7�=4 in Fig. 9. From the apparent
lack of consensus, it is clear that the restrictive nature of themeasured
thrust has not satisfied the need for more precise measurement of the
thrust produced by the airfoil. Nonetheless, the present measure-
ments indicate that a similar mean velocity basedmethod can be used
to calculate the mean thrust. Furthermore, the results here suggest
that themean thrust is phase-locked with themotion of the airfoil and
not constant. Contrary to expectation, the temporal variation of the

Fig. 14 Spanwise vorticity h!zi=j!jmax in region R0 at �3. The isocontours are superimposed onto the in-plane velocity streamlines hui and hvi.

Fig. 15 Spanwise vorticity h!zi=j!jmax in region R0 at �4. The isocontours are superimposed onto the in-plane velocity streamlines hui and hvi.

Fig. 16 Spanwise vorticity h!zi=j!jmax in region R0 at �5. The isocontours are superimposed onto the in-plane velocity streamlines hui and hvi.
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measured thrust per unit length does not follow the phase that
dominates the morphological variations of the flow.

The thrust estimate determined here is associated with the reverse
Kármán vortex street in the plane of symmetry of the airfoil.
Koochesfahani [11] found that the creation of a reverse Kármán
vortex street is associated withminimal energy and therefore optimal
thrust efficiency. The measured vortex street is a combination of
leading- and trailing-edge vortices. The formation of a strong
leading-edge vortex in flapping airfoils is normally associated with
the phenomenon of dynamic stall. When this occurs, the airfoil
experiences a sudden but unsustainable increase in lift.

By analyzing the evolution of vorticity along the centerline of the
flapping wing, the vortex street can be tracked and the spanwise

orientations can be traced. A detailed discussion of this is provided
by Parker et al. [38]. Using this method, Fig. 11 is developed and
represents a map of the vortices as they evolve and convect. In this
section, this map is compared to the previously mentioned thrust
distribution in Fig. 9.

The evolution of spanwise vorticity over one oscillation sequence
is presented in Figs. 12–19. At �4 (label d) and �8 (label h), Tr
reaches maximum levels, which is expected to correspond to the
phase averages snapshot of intense counterclockwise and clockwise
vorticity shed from the airfoil and observed inmeasurement region S.
This is in agreement with Fig. 11.

Because of the location of the measurement area in relation to the
wing, as well as the known oscillation period, the observed flow

Fig. 17 Spanwise vorticity h!zi=j!jmax in region R0 at �6. The isocontours are superimposed onto the in-plane velocity streamlines hui and hvi.

Fig. 18 Spanwise vorticity h!zi=j!jmax in region R0 at �7. The isocontours are superimposed onto the in-plane velocity streamlines hui and hvi.

Fig. 19 Spanwise vorticity h!zi=j!jmax in region R0 at �8. The isocontours are superimposed onto the in-plane velocity streamlines hui and hvi.
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snapshots (from Figs. 15 and 19, for example) represent the actual
flow interaction at the wing, 1 s prior to measurement. This
corresponds to �2 (label b) and �6 (label f) in Fig. 11. This
measurement is associated with a leading-edge vortex appearing on
the suction side of the airfoil.

Similarly, at �2 (label b) and �6 (label f), Tr reaches minimum
levels, which is expected to correspond to the presence of aCCWand

CW leading-edge vortex on the airfoil suction side in Fig. 11 and
CCW and CW vorticity in measurement region S. The latter pair of
vortices are observed in themeasurement region S in Figs. 13 and 17,
respectively. As before, the event resulting in the vortices in Figs. 13
and 17 would have occurred 1 s earlier. This corresponds to �8
(label h) and �4 (label d) in Fig. 11. These phases immediately
precede the formation of a leading-edge vortex.

Fig. 20 Spatiotemporal distribution of the streamwise component of vorticity h!xi=j!jmax. Rows 1, 2, and 3 represent regions R0, R1, and R2,

respectively. Each column corresponds to phases �1, �3, and �6.
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VI. Conclusions

Based on the results of this study, in the plane of symmetry of a
finite-span wing, the three-dimensional effects due to wingtip
vortices are negligible compared with leading and trailing vortices.
After each half cycle, leading- and trailing-edge vorticity of similar

rotation is shed into the flow. During the initial stages of vortex
shedding, this vorticity merges to form large-scale structures. This
process is repeated in the next half-cycle, except with opposite
vorticity. Thus, after each half cycle, the flow is populated by a
coherent, counter-rotating vortex pair. Transverse vorticity
dominates the flow in this location, drawing fluid away from the

Fig. 21 Spatiotemporal distribution of the transverse component of vorticity h!yi=j!jmax. Rows 1, 2, and 3 represent regions R0, R1, and R2,

respectively. Each column corresponds to phases �1, �3, and �6.

68 PARKER, SORIA, AND VON ELLENRIEDER



wingtips into the direction of oscillation of the wing as well as the
mean flow.

Closer to the ends, the wingtip vortices dominate and the leading-
and trailing-edge vortices become less intense and distinguishable.
Only single streamers of intense vorticity are observed. Spanwise
vorticity and streamwise vorticity dominate the flow and follow the

motion of the wing. In general, the measurements reveal a highly
complex flow structure that exhibits all the characteristics associated
with local amplification, stretching, and tilting of vortex filaments.

The variation in the mean centerline thrust per unit length
resembles a sine wave. The location of minimum or maximum thrust
values corresponds to the creation of strong leading-edge vortices.

Fig. 22 Spatiotemporal distribution of the spanwise component of vorticity h!zi=j!jmax. Rows 1, 2, and 3 represent regions R0, R1, and R2,

respectively. Each column corresponds to phases �1, �3, and �6.
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